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Chapter lllI:

De Rham cohomology and its key properties:

De Rham’s theorem,
Poincaré duality,
Lefschetz fixed points formula
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The function-theoretic definition of manifolds

Definition:
(i) Aringed space is a topological space X endowed with a sheaf of rings

Oy : U — OX(U)

open subset of X ring of “coordinate”

functions on U
(i) A morphism of ringed space
(X,0x) — (Y,Oy)

consists in a continuous map
f:X—Y

and a morphism of sheaves of rings

Oy — f*(')x,
(@ €Oy(V)) — (fip € Ox(F (V)

I
coordinate function on pull-back of ¢

anopensubsetV C Y onf=1(V)

or, equivalently,
f*Oy — O)( .
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Remarks:
(i) Ringed spaces make up a category.
(ii) If (X, Ox) is a ringed space,
an Ox-Module is a sheaf of abelian groups M endowed with a sheaf

morphism
Ox X M— M

such that

e for any open subset U C X, M(U) is a module on the ring Ox(U),
e for any open subsets U; C U> C X,

the restriction map M(U>) — M(Uy)

is a morphism of Ox(U>)-modules

via the restriction map Ox(Us) — Ox(Uy).

Ox-modules on a ringed space (X, Ox) make up a (linear) category.
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Definition:

(i) A differential [resp. analytic] manifold is a ringed space (X, Ox)
such that any point x € X has a open neighborhood

(U, Oy = restriction of Ox to U)
which is isomorphic to an open subset
U’ of some R" [resp. C"]
endowed with the sheaf

Oy (V' cU)r— Oy (V)
ring of C® [resHp. holomorphic)
functions V! — R [resp. V/— C]
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(if) A morphism of differential [resp. analytic] manifolds
(X,0x) — (Y, Oy)
is a morphism of ringed spaces
(X Ly, 0y — £.0y)

such that, locally on X and Y,

of some R” [resp. C"] to an open subset V'’ of some R™ [resp. C™],
e Oy — f,Ox is defined by composition with f.

{. f identifies with a C* [resp. analytic] map from an open subset U’
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Remarks:

(i) Differential [resp. analytic] manifolds make up a category.
This category has arbitrary sums and finite products.
The contravariant functor

(X, Ox) — Ox(X)
is representable in this category by the object
R [resp. C].

(ii) The category of schemes is defined in the same way:

e A scheme is a ringed space (X, Ox) such that any point x € X has an open
neighborhood (U, Oy) which is isomorphic to an “affine scheme”.
e A morphism of schemes (X, Ox) — (Y, Oy) is a morphism of ringed spaces

X -y, 0y — £.0x)

which locally identifies with a “morphism of affine schemes”.
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The dual functorial definition of manifolds

Proposition:

Let V = category of differential [resp. analytic] manifolds,

C = full subcategory of open subsets of the R™'s [resp. C™s]
and C® [resp. holomorphic] maps,
J = topology on V or C.

Then the functor

vV — [, Setl =C
X +— Hom(e, X) = [U+— Hom(U, X)]
set of para‘r‘netrisations
U— Xof Xby U
factorises through the full subcategory
C

of J-sheaves on C and is fully faithful.
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It is an equivalence to the full subcategory of C, on J-sheaves F : C° — Set
such that there exists a globally epimorphic family of morphisms

Hom(s,U) — F, iel,

(corresponding to elements of the F(U;)’s)
which are “open” in the sense that,
for any object U of C and any morphism

Hom(e, U) — F,

the fiber products in CAJ

Hom(e, U;) x r Hom(e, U)

are representable by open subsets of the U;’s.
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Remarks:

(i) The same proposition can be written if

V = category of schemes,
C = full subcategory of affine schemes.

(if) The sets
Hom(U, X)
can also be denoted X (U).

Their elements can be called
the points of X defined on U,
or the points of X with values in U,
or the U-points of X.
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Vector bundles

Definition: Let (X, Ox) = ringed space.
An Ox-Module M is called locally free (of some rank r)
if it is locally isomorphic to the Ox-Module O%.

Remarks:

(i) Locally free Ox-Modules make up a full subcategory which has arbitrary
finite products.

(if) If Oy is a sheaf of commutative rings, this category also has

e tensor products My ®o, Moz which represent the functors
M — set of bilinear sheaf morphisms M1 x My — M
and are constructed as the sheafifications of the presheaves

Ur— M1(U) ®0, ) M2(U),

e alternate powers A¥ M which represent the functors

N — set of k-linear maps M x --- x M — N which are 0 on the diagonals,
and are constructed as the sheafifications of the presheaves

Ur— A ML),
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e “exponentials” or “inner hom” Hom(M, M>)
which represent the functors

M — Hom(M ®p, M1, M)
and are constructed as the sheaves
U — Hom( My y, May),
e in particular, a contravariant duality functor
M — MY =Hom(M, Ox)

which is an involution in the sense that
MYV identifies with M for any M.

If M is locally free of rank 1, it is called “invertible” as

Mo MY identifies with Oy .
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Lemma:

Let X = differential [resp. analytic] manifold.

Any locally free Ox-Module M is representable by a (unique up to unique
isomorphism) manifold M endowed with a morphismp: M — X

in the sense that, for any morphism j: U — X,

(U5 M|pos=1i}

identifies with
("M ®j=0, Oy)(U).

Remark:
The same lemma would apply in any subcategory C of the category of ringed
spaces such that

e C has finite products,
e the contravariant functor (X, Ox) — Ox(X) is representable in C,

e any ringed space which is locally isomorphic to objects of C is an object
of C,

e any morphism of ringed spaces which locally identifies with morphisms of
C is a morphism of C.
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Definition:

A vector bundle (of some rank r) on a differential [resp. analytic] manifold X is
a manifold M endowed with a morphism M — X which represents a (rank r)
locally free Ox-Module M.

A morphism of vector bundles is a morphism of the associated locally free
Ox-Modules.

Remarks:
So, the category of vector bundles on some differential [resp. analytic]
manifold X has

o finite products My x --- x M,

e tensor products My @ Mo,

o alternate powers AKM,

e “inner hom” Hom(M;, M»),

e in particular, a duality contravariant functor M — MV,

e a notion of “invertible” vector bundle, which means vector bundle
of rank 1.
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Cotangent modules and tangent bundles

Definition: Let A — B = morphism of commutative rings.
A derivation of B, relatively to A, with values in a B-module M, is a map

B-Ym
such that

e it is compatible with addition
d(b1+b2):db1+db2) VbthEB)
o it verifies the Leibnitz rule

d(by - b)) = by -dbo + bo ~db1,

o the composite
A—B-5%M iso.

Remark:
Derivations of B, relatively to A, with values in M make up a B-module
DCI‘B/A(M) .
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Proposition: Let A — B = morphism of commutative rings.
Then the covariant functor

MOdB — MOdB,
M — DerB/A(M)

is representable by a B-module Qg,4 endowed with a canonical derivation
d:B— QB/A

called the “module of differentials” of B.

Sketch of proof: First consider the free B-module

B-db

beB
generated by basis elements denoted db, b € B.
Then define Qg4 as the quotient of this free module by the submodule
generated by the elements

d(b1+b2)*db1*db2, b1,b1€B,
da, acAh,
d(b1b) — by -dbp — bz - dby, by, by € B.
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Definition:

Forany k > 1,
the B-module of degree k differentials
is defined as the k-th exterior power

QF /4 =NQpya.

Remark:

Any element of Qf ,
is a sum of elements of the form

b-db1/\---/\dbk with b,b1,...,bk€B.
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Lemma: For any k > 1, there is a well-defined A-linear map
d: Qf 4 — Q5
(b'db1 /\~~'/\dbk) — db/\db1 /\~~~/\dbk.

Proof: First, there is a well-defined A-linear map

Qp/a®p---®Q0p/a — Q?}p

(b-dby ®---®@dbx) —— db/Adby A---Adbg.

Indeed, elements of the form
b-dby ®---@dbj_1 @ (d(bib/) — bjdb — bjdb;) @ dbj 1 @ - - - @ dby
are sentto 0 as

d(bby) A db! + d(bb!) A db;
— bj-dbAdb] +b-db;Adb! +b-db] Adb; + b/ - db A db
bi - dbAdb! + b! - db A db;
db A d(bb)) .

This map is alternate. So it factorises as

k1
-O-B/A — Qp)y.
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Definition:

The (algebraic) De Rham complex is defined as

k+1

Remark:
The relationdod =0

comes from the fact that, by definition,

d(dby A\ --- Adby)
d(1-dby A --- Adby)
d1 Adby A --- Adbg

0.
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Theorem:

(i) If B=A[Xi,..., Xal, then Qg4 is the free B-module on the basis elements
endowed with the derivative dXi,...,dX,
B=AXy,....,.Xs] — @ B-dX,
1<i<n
P(Xiy..., Xn) +— "%Q(x1,. y Xn) - dX;

(i) If A=R [resp. C],
B = algebra of C* [resp. holomorphic] functions
on an open convex subset U of R” [resp. C"],
my = maximal ideal of B consisting of functions
which vanish at a point x € U.
Then
Im |Qp/pg — H M(B/m)/(v) ®s Qp/a
xeU neN

is the free B-module on the basis elements

dxy yeoay dxn
endowed with the derivative
B — @ B-dx
1<i<n
f(XtyeoiyXn) — 5 2 ax’ (Xty..oyXn) - dX;.
1<i<n
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Proof of the theorem:

(i) Any derivation
d:B— M

is entirely determined by the images of Xi,..., X;.
Conversely, the map

B=AXi,..., X,

—
P

is a derivation.
(i) The map

:l

—
—

A
@‘@
S
v

is a derivation.

The proof follows from the following lemma:
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Lemma (Taylor’s formula):

For U = convex open subset of R" [resp. C"],
f = C* [resp. holomorphic] function on U,
a=(ai,...,an) = point of U,

N = integer > 1,
we can write

f(x) —f(a) = Pn(x) + Z (X1 —a)k - (Xp— an) - fi, s (X)
K 4o ey =N-+1

where Py is a polynomial of degree < N
and the functions fx, .k, are C* [resp. holomorphic].

Sketch of proof: We take

okt thnf (xy — a1)k1 (Xn_an)k"

Pn(x) = Z ————(@1,...,8n) -
Kot <N aX11 000 aXnn k1' kn'

and, for ki +---+ k,=N+1,

N+ 1 1 kit +kn f
:;.J (1_”,\,.87
il - - k!

(a+t(x—a)).
0 ax{“ <o 0Xp"

Ty ki (X)
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Definition:
(i) Alocal ring is a commutative ring A which has a (unique) maximal ideal
ma such that any element of A— m is invertible.
(ii) If A, B are two local rings, a ring homomorphism

A— B
is called local if it sends m4 to mg.

Remark:
Any element of A— my is sent to an element of B — mg.

Definition:
(i) Alocally ringed space is a ringed space (X, Ox) such that, for any point x
of X, the fiber
Ox x = Ian> Ox(U) is alocal ring (with maximal ideal my).
Usx
(ii) A morphism of locally ringed spaces is a morphism of ringed spaces
(X,0x) - (Y, 0y)

such that, for any point x of X, the induced morphism

. O — O
is local. Y,fx) Xox
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Definition: Let (X, Ox) LR (S, Os) = morphism of locally ringed spaces.
The sheaf of differentials on X relatively to S
is the sheafification Qx5 of the presheaf on X

LHJ — Im <QOX U)/f0g(U) — H lim(Ox X/m ) ® Q@X U)/f*Og(U )) o
xeU N

open subset of X

It is endowed with a canonical derivation
d:0x — —O-X/S .

Remark:

Let’'s consider the category of Ox-Modules M such that, for any U,

the morphism . N

MU — ] im(Ox,x/my) @ M(U)

is injective. xel N

Then Qs belongs to this category and represents the contravariant functor
M — set of sheaf morphisms Oy — M

which
{o are compatible with addition,

o verify the Leibnitz rule,
e areOon f*Og.
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Definition:

Let (X, Ox) -5 (S, Os)
= morphism of locally ringed spaces.

For any k, the sheaf of degree k differentials on X relatively to S
is the sheafification Q% ¢ of the presheaf on X

Ur— /\kQX/s(U) .
The De Rham complex of X relatively to S is the induced sequence
k+1

d d d
OX—>O-X/S_>Q§(/S—>"'_’Qé((/s_)QX/S_)"'

verifying in any degree

dod=0.
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The previous theorem implies:

Corollary:

Let X be an n-dimensional differential [resp. analytic] manifold,
and S be the point manifold.

Then the sheaf Qx = Qx/s

is locally free of rank n,

and the sheaves Qf = Qf ¢

are locally free.

Remark:

More generally, the sheaves Qx,s and Qﬁ‘(/s are locally free
if X — Sis a morphism of differential [resp. analytic] manifolds which is locally
isomorphic to the projection

R"=R"xR"™" — R"

[resp. C"=C"xC"" —C"].
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Definition:
Let X = n-dimensional differential [resp. analytic] manifold.

Then its cotangent bundle is
T, = vector bundle of rank n associated to the locally free Ox-Module Qy,

and its tangent bundle is
Tx = dual vector bundle of T/.

Remark:
Any morphism of differential [resp. analytic] manifolds

f:X—Y
induces a morphism of O x-Modules

f*_O_y — _O_X
which can be seen as a morphism of vector bundles

Ty =Xxy Ty — Ty

or, equivalently,
Tx — f*Ty =X Xy Ty.
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Remark:

For U = open subset of X,

I'U, Tx) ={sectionss: U — Tx of p: Tx — X}

identifies with the set of sheaf morphisms
d: 0y — Oy (where Oy = OXlU)

such that
e d is compatible with addition,
e d verifies the Leibnitz rule,
e dis 0 on constant functions.

The Ox(U)-module structure of T'(U, Tx) is defined by
e addition of operators Oy — Oy,
e multiplication of operators by sections in Ox(U).
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Remark:

e In other words, Qy = Homo, (Qx, Ox) can be seen as a subsheaf of the
sheaf

sheaf morphisms Oy — Oy
Hom, (Ox, Ox) : U+— < which are compatible with
addition and multiplication by constants

e One denotes
Dx = “sheaf of linear partial differential operators”

= smallest subsheaf of Hom, (Ox, Ox)
which is stable by composition and addition
and contains Ox and QY

= sheaf of elements of Hom, (Ox, Ox)
which are locally finite sums
of compositions of elements of Ox and Qy .

e Any system of linear PDE’s can be seen as a Dx-Module M.
The sheaf of its solutions is

Homp, (M, Ox) .
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Definition:
Let (X,0x) — (S, Os)
= morphism of locally ringed spaces.

The De Rham cohomology modules of X relatively to S
are the cohomology modules
Hgr(X/S)

of the cochain complex of Os(S)-modules Q;(/S(X):

0 — Ox(X) 5 Qx/s(X) 5 Q% 5(X) = - = Qf o(X) 5 QETLX) — -+

Remark:

If S={e}and Og(S) =R,
the R-modules
Hgr(X) = Hgr(X/S)

are called the De Rham cohomology modules of X.
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Remark:
e Any commutative triangle of locally ringed spaces

(X, 0x) d (Y,0y)

~,.

(S,05s)

induces a morphism of cochain complexes of Os(S)-modules
QY /s(Y) — Q% /s(X)
and so a sequence of natural morphisms
Hgr(Y/S) — Hga(X/S).

¢ In other words, De Rham cohomology relatively to (S, Og) makes up a
sequence of contravariant functors from the category of locally ringed
spaces over (S, Og) to the category of Og(S)-modules.

e In particular, isomorphic locally ringed spaces have isomorphic De Rham
cohomology modules.
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Lemma (“Poincaré lemma”):
The De Rham cohomology vector spaces of the differential manifolds

RY
are _
- {5 720
Remark:

This lemma also applies

to any differential manifold
which is diffeomorphic to RY,

in particular any open ball of R9.

Remark:

If X is an analytic manifold isomorphic to C? or an open ball of C¢,

we also have o 0
if n=
Hgﬂ(x)—{o it n>1.
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Proof of the Poincaré lemma:
Any element of QK (R9) has the form

Z firreoic Xty ooy Xp) - dXi A - AdX,

1<ij<--<ix<d
For any k > 1, let

he QK(RC’) QF1(RY)
th, X1) Xn)'dXi1/\"'/\dX,'k

1
— ZX,'1 . (Jodt~ f,-hm,,-k(O,...,O, tX,'”X,'1+1,...,

Then we have for w = f(x1,...,Xp) - dx;, /\--- Adx;

:
of

doMf(w) = _Zx;1-<Jdt a—xj(o,...,O,tx,-,x,-1+1,...,xn)>~d)(,-/\dx,-2/\---/\dx,k

1>h

s ﬁ'1,...,fk(01,...,O,x,1,x,-1+1,...,x,,)-dx,-1/\---/\dx,-k,
of

A od(w) = Z)(,-~Jdt-E(O,...,O,txj,xjﬂ,...,xn)~dx,-1Am/\dx,-n

Jj<i 0 vl

toof
— ZXH Jdt —'(O,...,O,tx,-1,x,-1+1,...

J>i
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As a consequence

(do A* + Ft1 o d)(w)

f;

1yeee

+

J<ih

,'k(O,...,0,X,’1,X,'1+1,...,Xn) -dX,'1 /\---/\dX,‘k
Z(f(o)“-)O)Xj»XjJrhn-)Xn)*

f(X1y ..oy Xn) -dX;, /A AdX;, = w.

And, in degree 0, for w = f(x1,...,Xn),

h' od(w)

f(o,...,O,Xj+1,...,Xn)) 'dX,'1 /\---/\dX,‘k

]
of
ZX/J dt~—X(O,...,O,t)(/,)(j+1,...,xn)
j

0 a/'

F(Xty ... Xn) — £(O, ...,0).

So, the subcomplex of constant functions

R (in degree 0)

is a homotopy retract of the complex

Q°*(RY).

The Poincaré lemma follows.

v
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Partitions of unity

Proposition:
Let X = differential manifold,
(U)ie; = open covering of X.
Then there exists a family of C* functions

@j: X — R,
such that
e the supports of the ¢; are compact and locally finite,
o the support of any ¢, is contained in some U,
e the sum ) o; is equal to 1 everywhere.
j

Corollary: There exists a family of C* functions
P : X — R+
such that
o the support of any ; is contained in U;,
e the sum > 1; is locally finite and equal to 1 everywhere.
i
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Proof of the proposition (in the case X is countable at infinity):
Suppose X is countable at infinity.
It means X can be written as a union of open subsets
B X,, neN,
such that each X, is compact. We can suppose that
Xn C Xnst, VYneN.
Forany ne Nand any x € X, — X,_1, there is a C* function
(pn‘X:X—>R+ W|th (pn)x(x) >0

and whose support

e is compact,

e s contained in some U, B

e has empty intersection with X, _».
Then there is a finite family of points

Xn1yenos Xnh € Xn— Xn
such that 1y oy Xnky n .

((Pn,x,m +"'+(Pn,x,,,k,,)(x) >0, VXEY,»,—X,,,1 .

(P:Z Z Pn,x,

n 1<i<ky
is locally finite, C> and everywhere > 0.
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Corollary:
Let X = differential manifold,
U, V =two open subsets which cover X.
Then there is a short exact sequence of complexes

0— QX)) — Q)@ QY (V) — QY (UNV) — 0

and, as a consequence, a long exact sequence of De Rham cohomology spa-
ces:

0 — Hip(X) — H3a(U) @ H3a(V) — H3a(UN V) — Hig(X) — -

-+ — Hgp(X) — Hgr(U) ® Hgg(V) — Hgr(UN'V) — HQ# (X)) — -

Proof:
Let oy, v : X — R, be C* functions such that

supp(@u) C U, supp(ev) C V, ou+ v =1.
Then any w € Qf,,,(UnN V) can be written as
w=@Qy - w+ey-w

where @y - w extended by 0 is in QF (V)
@y - w extended by 0 is in Qf(U).
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Corollary:
Let X = differential manifold
which can be written as a finite union

X=UU---UU,
of open subsets such that all the
U,'1 n---N U,'k

are diffeomorphic to some R (or open ball of R).
Then the De Rham cohomology spaces

Hga(X)

are finite dimensional,
and they are 0 if nis big enough.

Remark:

It can be proven

that any compact differential manifold has such finite open covers.
So it verifies the conclusion of the corollary.

v
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Integration on differential manifolds

If U = open subset of some R”,
(f: U — R) = continuous function
K = compact subset of U
such that K — K° has measure 0,

then we can consider the well-defined integral

J F(Xqyenny Xn)dXy ~-~an:Jo f(X1yeeey Xn) -dXy...dX,.
K K

Furthermore, if
e:V—U
is a diffeomorphism to U from an open subset
VCR",

we have the formula:
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Lemma:

For N
(p=((p1,...,(pn):V—>U,

there is an equality
J F(X1yenny Xn)dXy ... dXp
K

'dy1...dyn.

a .
det (;;j’) (V1y--ey ¥n)

_ J (Fo @) (WtyererVn)
@ 1(K)

Remark:
If the tangent bundles of V c R" and U c R" are identified with

V xR" and UxR",

(5)
0Yj / 1<i,j<n
defines the tangent linear map

dep:R" — R"

the matrix

and its determinant is the induced scalar morphism
A"R" — AR
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Definition:
An orientation on a differential manifold X is a way to associate to any chart
(U= x)
where U = connected open subset of R”
x = diffeomorphism to some open subset of X
a sign

such that szl € =Al

o if (U’ 2 X) is deduced from (U 2 X)
by restriction to some open subset U’ C U, then
sign(x’) = sign(x) ,
e if (U X X) is deduced from (U = X)
by composition with a diffeomorphism ¢ : U’ — U, then
sign(x’) = sign(x) - sign (det (%—‘2)) .

Remark:

If X has an orientation,

charts (U =5 X) such that sign(x) = +1
are called well oriented.
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Remarks:
(i) For any differential manifold X, there is a sheaf

U —— orx(U) = {orientations of U}

called the sheaf ory of orientations of X.
It is locally isomorphic to {+1}.

(ii) This sheaf may or may not have global sections, i.e. orientations of X.
(iii) A differential manifold X is orientable if and only if there are charts

(U,- 29, x)

whose images are an open cover of X
and such that, for any indices i, J,
the maps of change of coordinates

@iy =X oxix (i(U) NxG(U) — x T (xi(Uy) N x(U))

verify the condition

sign(det(de; ;) = +1.
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Proposition:
Let X = oriented differential manifold of dimension d.
Then there is a unique way to define integrals

lee

for K = compact subset of X such that K — K has measure 0,
Q4(U) > w = a differential form of degree d
defined on an open subset U which contains K,

such that
e the integral doesn’t change if U is replaced by a smaller U’ 5 K,
e the integral is linear in w,
e if K= K; UK, and Ki N K> has measure 0,

J w:J w—&-J w,
K K; Ko

(0}
e ifRY >V — U c Xis awell oriented chart and
©*w = f(X1,...,Xn)dx3s A --- /A dx,, then

J w:J f(X1y ..oy Xp)dXq ... dX,.
K @1 (K)
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Sketch of proof of the proposition:
There is a finite family of well oriented charts

U2 X,1<i<n,

whose images cover an open neighborhood of K.
Then one can write
K=K U---UK,

where
e each K;is compact and contained in x;(U;),

e the boundaries K; — K; have measure 0,
o the intersections K; N K; have measure 0.

We must have

| o=] @t w.
K Ki Ka

This reduces the verification of the proposition to the case when X is a (con-

nected) open subset of RY.

Then the proposition follows from the usual properties of integration and from

the lemma.
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Stokes’ formula

Definition:
Let X = differential manifold of dimension d,
K = closed subset of X.

We say K has a smooth boundary 0K = K — }O( if, for any point x € X, there is a chart
RIDV = UcX
w w
such that 0 +— X
e the pull-back of KN Uis (] — 00,0] x R NV,
e the pull-back of (0K) N Uis ({0} x RN V.

Remarks:

e In this situation, 0K has an induced structure of differential manifold of dimension
d—1.

e If X is oriented, 0K has an induced orientation. We decide that an induced chart
{O}x RNV = @K)NU
is well oriented if the starting chart

. . RSOV S UCX
is well oriented.

v
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Theorem (Stokes’ formula):
Let X = oriented differential manifold of dimension d,
K = compact closed subset with smooth boundary

IK=K—K< X.
Then, for any differential form of degree d — 1
we QY (U)

defined on an open neighborhood of K, we have

J dw = J w.
K oK
Remark:

For X =R and K = [a, b], this formula is just

b
J dt-f'(t) = f(b) — f(a)

a

for any C*° function defined in an open neighborhood of [a, b].

4
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Sketch of proof:

Using partitions of unity,
we reduce to proving that if

w = Z fi(X1ye ey Xn) - dXg A AdXi—q AdXipq A - Adxg

1<i<n

is a differential form of degree n— 1 on R"” with compact support,

then
J dw = J w.
]—00,0] x R7—1 {0} xRn—1

J dx; = (X X ) =0
i OX; 1y+yAn

while for j = 1
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Corollary:

Let X = differential manifold,
(Ax == X) = smooth k-simplex of X,
w = differential form of degree k — 1
defined on some open neighborhood of x(Ak) in X.

Then we have

JAkx*(dw)— PG J (X0 d)w.

0<i<k Ak—1

Remark:

A smooth k-simplex of X
is a continuous map Ax — X
which is the restriction of a C> map

U— X

defined on some open neighborhood of A, in RX.
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Sketch of proof: Recall
Ak ={(t,...,te) ERF|O<H <o < < 1)

For any i, 0 < i < k, the affine map

af( . Ak,1 — Ak

is
(O)t1)°'~)tkf1) If I:O»
(t1)---)tkf1)'—> (t1)-'-)l}')l}')l.i+1»'-~>tkf‘l) if 1S’§k*17
(Hyoouy 1, 1) if i=k

If tisa pointof Ax_1 ={(f,..., 1) EREFT0<t; < - < thq <1},
the affine isomorphism

Rx RT =5 RK

(_t03t1)---$tk—1) If ’:0)
(foytyeooyth—t) = S (b +toyenoyti+toy by lipey ey teq) if 1 <i<k—1
(ty.ooy 1,1+ 1o) if i=k,

induces an isomorphism of an open neighborhood of
(0,t) in ]—o0,0] x RF!

to an open neighborhood of

oK(t) in Ax.
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Furthermore, the associated linear isomorphism

R x R = R”
is defined by the matrix *

-1 0 --- 0
b 1 if i=0,
0 @
0 0 1
11 0 0 O 0
0
ilines
0
1 0 0 1 i
0 1 0 0
o 1
: 0
0 0 0 O o 1

1<i<k—1,

v
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Lastly, the determinant of this matrix is

(1)
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This corollary implies:
Proposition:
Let X = differential manifold,

CJX = chain complex of R-vector spaces
whose basis elements are the continuous maps

X: Ak — X,
Cy = Hom(CJ,R) = dual cochain complex,
CX»™ = subcomplex generated by the basis elements
X : Ak — X
which are smooth,
Cxsm = Hom(C*™ R) = dual cochain complex which is a quotient of Cy,
Q% : De Rham complex of X.
Then the bilinear maps
k(X)) x o — R,
(w,Ak N x) — (=1)k. J X (w)
Ag
define a morphism of cochain complexes
Q% (X) — CX s -
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Proposition:
Let X = differential manifold.
Then the natural chain morphism

cxm — O

and its dual
C).( — C).(,sm

are quasi-isomorphisms.
In other words, they identify the associated homology (or cohomology) spaces.
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Corollary: So there are natural maps
HEz(X) — HX(X,R)
or, equivalently, bilinear pairings
(o,0) : HX2(X) x Hk(X,R) — R.

Remark: If an element of HX;(X) is represented by
weOf(X) suchthat dw=0
and an element of H (X, R) is represented by
c=) cc-x suchthat dc=0
X

and furthermore, ¢, € Z, V (Ak N X), then the associated number

(w,c) eR
is called a period of w.
The linear map (w, e) induces a morphism of abelian groups

Hk(X,Z) — Hk(X,R)

whose image is the subgroup of periods of w.

(w,e)

R
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Sketch of proof of the proposition:
As the functor
Hom(e,R) : Vecty — Vectg
preserves exact sequences,
It is enough to prove that the chain complex morphism
e o
is a quasi-isomorphism.
Denote H;™(X,R) the homology spaces of @S
The proof consists in the following steps:

e If f: X — Yis a C* map, show that the induced morphisms

Hk(X»R) — Him(Y» R)

are invariant by C*°-deformations of f.

e Deduce that the proposition is true when X is C>-contractible.

e Reduce the verification to an open cover.

e Deduce that the proposition is true when X has a finite open cover whose

intersections are C°°-contractible.
e Show the general case.

0. Caramello & L. Lafforgue Cours

Italie, Automne 2019

55/127



Step 1: invariance by smooth deformations

Let X, Y = differential manifolds.

Any C* map X Iy

induces a commutative square of morphisms of chain complexes:

cxm e

cYm Y

We say that two C* maps

X=Y
g9
are C°°-homotopic
if there exists an open interval ]a, b[ > [0, 1]
and a C* map
h:la,b[ xX — Y

such that
h(0,e) = f and h(1,e) =g.
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f
Lemma: If two C> maps X = Y are C>-homotopic, the induced morphisms
g9

of chain complexes

CX sm —® 5 CY sm
. . gl
are chain homotopic.

In particular, they induce the same morphisms
H™X,R) — H™(Y,R), VkeN.

Proof: We already associated to h a chain homotopy
hy = (hk L CX — ckYH)
such that, for any k, the morphisms

f
CX —fs C,f

Qk

verify
fx —gk =dohg+he_q0d.
Furthermore, it is obvious on the construction that, as his C*,
any hg sends  CX*™ — Cf
o GG — G-
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Step 2: the case of C°°-contractible manifolds
A differential manifold X is called C°-contractible if there exists a point

(o} X5 X
such that the composed morphism

sop: X LN (o} X5 X
is C°>°-homotopic to idy.
It follows from Step 1 that the canonical morphisms
H™ (X, R) — H™ ({o}, R)
are isomorphisms, just as the morphisms
Hi(X,R) — Hk({e},R).

But we have Cio},sm _ Ci-}
and a fortiori
H" (o}, R) = Hi({s},R), VK.

We conclude that, if X is C*-contractible, the morphisms
H™ (X, R) — Hi(X,R)
are isomorphisms.
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Step 3: reduction to an open cover
LetU = (U;);cs be an open cover of X. Recall that we denoted

crY — cX
the subcomplex of CX generated by the simplices of X
X: Ay — X
which factorise through at least one of the U;’s.
In the same way, we can denote
CX,sm,Z/{ N CX,sm
the subcomplex generated by the smooth simplices of X
X: Ay — X
which factorise through at least one of the U;’s.
Using barycentric subdivisions, we constructed a morphism

r:cX — cXu

such that the composite .
cru < cf Lo
is id, and a chain homotopy from the composite
cx Ly cxu L cX
to id. * * *
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Lemma:
(i) The retraction
r:CY— cHH

sends CXs™ to C)»™¥ | and the chain homotopy
h=(c¥ — ¢k
sends each C*™ to C*m.
(i) The morphism of chain complexes
CX,sm,Z/{ N CX,sm

is a quasi-isomorphism, just as

CcHY — cX.

Proof of the lemma:
It results from the fact that barycentric subdivisions of a smooth simplex

X:Ak—>X

are smooth simplices.
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Corollary of the lemma: Suppose X =UU V
and we already know that the morphisms
com o oY,
chm o
CUﬁV,sm <y CUr‘nV
are quasi-isomorphisms. ¢
Then we can conclude that the morphism

. g . cHm — ¢
is a quasi-isomorphism.

Proof:
Let U be the open cover of X by U and V.
We have two short exact sequences of chain complexes

0 —s C[Lj/ﬁv,sm N CiJ‘sm @ C.V,sm SN C:(,Z/t,sm SN 0’
0—cl" sclec! —c —o,

and associated long exact sequences of homology:

- ——> H™(UN V,R) —> H™(U,R) @ H™(V,R) ——> H™(X,R) —> ---

l ! l

- —> H(UN V,R) —— H(U,R) & Hx(V,R) —— H((X,R) ——— - --

The “five lemma” allows to conclude.
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Step 4: the case when X has a finite contractible open cover

This means X has a finite open cover
X=UU---UU,
such that the U;’'s are C°-contractible as well as all non empty intersections
un---nuy,.
In that case, we can conclude that
clsm — cX

is a quasi-isomorphism.
The proof is by induction on n,
using Step 2 and the corollary of Step 3.
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Step 5: the general case

Let X = arbitrary differential manifold.
Let / = ordered set of open subsets

UcX

such that o
e U is relatively compact, meaning U is compact,
e U has a finite C*°-contractible open cover.

It can be proved that any compact subset

KcX
is contained in an element U of /.
It follows that
e the ordered set / is filtering,
e X is the union of the U € |.
So we can write
Cd =lim ¢/
Uel
and
Ci(,sm — |Ilg C.U,sm
Uel
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As the functor
h’lng

preserves exact sequences (as / is filtering), we have for any k

Hk(X,R) =lim Hk(U, R),
uel

HP (X, ) = lm HP(U, ).
Ue

The conclusion follows from Step 4.
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De Rham’s theorem

Theorem:
Let X = differential manifold which is countable at infinity.

(i) The chain complexes morphism
Q;( — C).( sm
is a quasi-isomorphism. ’
(ii) The De Rham cohomology spaces
Hga(X)
identify with singular cohomology spaces
HK(X,R).

In other words, the period morphisms induce isomorphisms

Hb2(X) — Hom(Hk(X,R),R).

Proof that (ii) is equivalent to (i):
This follows from the previous proposition.

0. Caramello & L. Lafforgue Cours Italie, Automne 2019 65/127




Sketch of proof of the theorem when X has a finite contractible open cover

Step 1: invariance by C*°-deformations

Lemma: .
If two C*> maps X = Y between differential manifolds are C>°-homotopic, the
g
induced morphisms of cochain complexes
f*
Q5 (Y) —= Q% (X)
. . g
are cochain homotopic.
In particular they induce the same morphisms

HER(Y) — HYR(X),  VkeN.

Proof of the lemma: It is enough to consider the case when

Y=]abl xX with ]ab[>[0,1]

and f, g are
X — lablxX=Y,
f: x — (0,x),
x — (1,x).
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We consider the associated restriction maps

k f k
Qy(Y) = Ox(X).
We want to define homomorphisms

Rk QR (Y) — Q5 T(X)
such that
g—f=doh¥+h+ od
in any degree K.
Let’s consider a covering of X by open subsets U; which are diffeomorphic to
some open subset of RY with coordinates xi, ..., Xq.

Let's define
h*: Qk(a, bl xU) — Q51 (U)
by
w = Z fi'(t,X1,...,Xd)-dX,'1/\-~-/\dX,'k
i= (i <---<lg)
- > Xy Xg) sdEA DX A Adx;
=l <—<j1)

1
HZ (Jol‘j(t,x1,...,xd)~dt> ~dx;, Ao AdX
i
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These definitions match on the intersections of the U;’s and define global
morphisms
Rk Q% (Y) — Q¥ T(X).

Furthermore, we compute locally

do h(w Z Z(J =(ty X1y .- -y d)'dl‘)'d)(j/\dxﬁ/\.../\Xm.k1

1<j<d §

and

1 of;
hk+1od((D) = Z(J a;(t,Xh...,Xd)-dt) -dX,‘1A-~-AdX,'k
0

1

— ZZ(J axjtx1, ,d)~dt>-dxj/\dx,-1/\~--/\dxjk1.

1<j<d |

This concludes the proof of the lemma.
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Step 2: the case when X is C>°-contractible

If X is C*>°-contractible, the canonical morphism
Qf,({e}) — Q% (X)

is a quasi-isomorphism.
As has already been proved,

C{.o}‘sm — C).(,sm

is a quasi-isomorphism as well.
So the verification of the theorem in the case when X is contractible is
reduced to the case

X ={e}.

In that case, Q;.}{o} is equal to R concentrated in degree 0 and
Qfg (o)) — Cloyom

is a quasi-isomorphism.
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Step 3: reduction to an open cover

It has already been proved that if
X=UuV
is an open cover of a differential manifold X, the sequence
0 — QX(X) — Q% (U)® Q%(V) — Q% (UNnV) — 0

is a short exact sequence.
Using the associated long exact sequence of cohomology

o= HER(X) — Hiq(U) @ Hig(V) — HER(UN V) — HEST(X) — -

and its natural morphism to the long exact sequence

s — HY(X,R) — H(U,R) ® H*(V,R) — H*(UN V,R) — H*'(X,R) — - --

we can conclude according to the “five lemma”:
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Corollary:
Suppose X =UU V
and we already know that the morphisms of cochain complexes

O3(U) — Cm>
Q% (V) — Ct

V,sm)

osunvVv) — CL.IOV,sm

are quasi-isomorphisms.

Then we can conclude that the morphism
Q%(X) — CX im

is also a quasi-isomorphism.
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Step 4: the case when X has a finite contractible open cover

Recall it means X has a finite open cover
X=UU---UU,
such that the U;’s are C°-contractible as well as all non empty intersections
un---nu,.

The proof of the theorem in that case is by induction on n, using Step 2 and
the corollary of Step 3.

Remark:

One can prove that any compact differential manifold admits such a finite
contractible open cover.
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De Rham cohomology with compact support

Definition:
Let (X, Ox) = ringed space,
M = Ox-Module on X.

(i) The support of a section m € M(X) is the smallest closed subset Z of X
such that the restriction of m to the open subset X — Z is 0.

(ii) The submodule of
M(X) =T(X, M)

consisting of sections m whose support is compact is denoted
e(X, M)

and called the Ox(X)-module of sections of M with compact support.

Remark:
Of course, if X is compact, we always have

Te(X, M) =T(X, M).

v
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Remarks:
(i) For any morphism of Ox-Modules
./\/l1 — ./\/12 y

F(X, Mq) — T(X, Mz)

the morphism

restricts to a morphism
rC(X)M1 ) — rC(X) MZ)
as any closed subspace of a compact subspace is compact.
(ii) Suppose any compact subspace of X is closed (which is true in particular
if X is Hausdorff).
Then for any Ox-Module M and any open subsets
U1 C U2 C X,
there is a natural morphism of Ox(U)-modules

e(Ur, M) — Te(Uz, M) .
It associates to any section

m € Tx(Uy, M) with compact support Z c U;

the unique section of I';(U>, M) whose restriction to U; is m
and whose restrictionto U, — Z is 0.
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Definition:
Let (X, 0x) — (S, 0s)
= morphism of ringed spaces.
The De Rham cohomology with compact support of X over S is defined as the
family of cohomology spaces

Hir o(X/S), keN,

of the subcomplex
Fe(X, Q% /s)
of the De Rham complex
NX, Q% /s) = Q%,s(X).

Remarks:
(i) There are induced morphisms
Hap,o(X/S) — Ha(X/S), keN.
(ii) If X is Hausdorff, there is a natural morphism of complexes for any open
subset U of X Mo(U, Q% js) — Te(X, Q% )
and so induced morphisms
Hbg,o(U/S) — Hip o(X/S).
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The ring structure of De Rham cohomology

Lemma: ;
Let (X,0x) — (S, O0s)
= morphism of ringed spaces.

Then the operation (0, 0] — w A w’

defines morphisms of sheaves
Qf(/s X Qg(//s = Qf(%/
which verify the following properties:
o they are bilinear with respect to f*Og,
o they are associative,
o they verify the commutation rule
wAw= (=D wAw’,
o they verify the rule of differentiation
dwAw’) = (do) Aw’ + (=) w A (dw),

e the support of w A w’ is contained in the intersection of the supports of w
and w’.
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Corollary:

In the same context, there are natural bilinear morphisms

(w,w’)

HXA(X/S) x HiR(X/S)
Hg o(X/8) x Hkz(X/S)
HQ‘R(X/S) X Hg,; +(X/S)
Hir o(X/S) x Hig .(X/S)

wAw’

k+k
HdR c

)
(X/8)
HEEK (X/9),
Hipe (X/S)

They are associative and verify the commutation rule

W Aw = (—1)k

~wAw'.

Remark:

This applies in particular to differential manifolds X

(considered over the point manifold {e}).

We can associate to X its De Rham cohomology spaces with compact support

HgR,c(X) ’

together with the morphisms Hjz .(X) — Hjg(X)

and the product operations (w, w’) — w A w’ as above.

v
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Proposition:
The De Rham cohomology with compact support of the differential variety R?

IS
R ifk=d,

K dy _
Hor,o(R%) = {0 otherwise.

Proof:
Let’s consider the sphere of dimension d

X =89 ={(to,t1,..,tg) eERIT | B+ ... 412 =1)}.
We already know that its De Rham cohomology is

R ifk=0ork=d

We observe that, if P is a point of X = S¢

U= X—{P} is diffeomorphic to RY.
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Let's choose a sequence of open neighborhoods
Uyof Pin X, neN,
such that
e forany n, U, 1 C U,,

e the intersection () U, is {P},
neN

e each U, is diffeomorphic to a ball of RY.
Then we have a short exact sequence of complexes

MUy, Q%) — 0.

0 — Te(U, Q%) — T(X, Q%) — lim
n

Indeed, for any element w of some I'(U,, Qﬁ‘(),
there exists an element w’ of I'(X, QX)

which coincides with w on some U,., n’ > n.
As the functor I|_m) respects exact sequences,

n
the cohomology spaces of the complex Il_m> I'(Un, Q%) are the colimits
n

— R ifk=0
"-anHdR(U”):{o ifk;éof
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Furthermore, the morphism

Hgr(X) — “?m Har(Un)

identifies with the identity morphism
R — R.

So, the long exact sequence of cohomology associated to our short exact
sequence of complexes yields

K R ifk=d,
Hop,o(U) = {O otherwise .
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For the computation of De Rham cohomology with compact support,
we can use:

Lemma:
Let X = differential manifold with an open cover X = UU V.
Then the complex

0 — T(UNnV,0%) — Te(U, Q%) & Te(V, Q%) — Te(X,Q%) — 0

is a short exact sequence of complexes,
and there is an associated long exact sequence of cohomology:

-+ = Hip o(UNV) = Hig o(U) & Hig o(V) = Hgp o(X) = HEEL(UNV) — -

Proof:

Consider a partition of unity 1 = @y + @v

where @y, @y are C* functions whose supports are contained in U and V.
Then, any element w € T;(X, Q%) can be written

W=y w+oey w
with

Qu-weT(U,Qf) and ¢y weT(V,Qf).
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Corollary:
Let X = differential manifold which can be written as a finite union

X=UU---UU,

of open subsets U, ..., U, which are diffeomorphic to R? (or, equivalently, to
balls of RY) as well as their intersections

U,‘1 ﬂ”'ﬁU,'m.
Then the De Rham cohomology spaces with compact support
Hgp,o(X)

are finite dimensional.

Remark:

This corollary applies in particular
to any compact differential manifold.
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The Poincaré pairing
Lemma:

Let X = oriented differential manifold of dimension d.
Then the integration form

r(X,0%) — R,

w J w
. . X
defines a linear map

Hir o(X) — R.
Proof:
If w € Te(X, Q%) can be written

w=dw’ with o' el (X,Q%"),
then Stokes’ formula implies
J w=0

X
as X has no boundary.

v
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Corollary:

Let X = oriented differential manifold of dimension d.
Then the composition of the product

Hg,:,’c(X)ng,;k(X) — HgR’C(X),
(w,w”) — wAw'

forany k € {0,1,...,d}
and of the integration form
HgR,c(X) — R

yields a bilinear pairing

Hig o(X) x Hg*(X) — R.
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The Poincaré duality

Theorem:
Let X = oriented differential manifold of dimension d.
Then, for any k, the pairing

Hiip o(X) x HERH(X) — R,
—

(w,w”) Jw/\w’
R

induces an isomorphism

HIK(X) — HEp (X)Y = Hom(Hfs o(X),R) .

Remark:
If the De Rham cohomology spaces of X are finite-dimensional, in particular if
X has a finite C*°-contractible open cover, the morphisms

Hig o(X) — HIZ*(X) = Hom(H3z*(X), R)

are also isomorphisms.

v
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Remarks:

(i) The theorem applies in particular
to any oriented differential manifold X of dimension d
which is compact.
In that case, we have perfect pairings

HSa(X) x HS5*(X) — R
which means in particular that the spaces
Hiq(X) = H(X,R)  and  HR*(X) = H"*(X,R)

always have the same dimension.

(i) Combining this theorem with the de Rham theorem,
we get that, for any differential manifold X,
De Rham cohomology with compact support

Hgp,o(X)
identifies with singular homology

Hy_x(X,R).
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Partial proof of the theorem:
Suppose X can be written as a finite union

X=UUu---ul,

of open subsets U, ..., U, which are diffeomorphic to R? as well as their in-
tersections Uy N ---N U;,.

Then one can prove by induction on n that X verifies Poincaré duality.

If n =1, the result is already known as

R if k=0,
HgH(Rd)—{o if k-0,

and _
Hine®) = {5 &t kZe
If n> 2, write
U=UjU---UUy1
and V=U,.

We can suppose the result is already known for U, V and U N V.
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The Poincaré pairing induces a morphism of long exact sequences:

...—)Hg’;k(X) — HgEK(U)@HgEK(V) N Hgﬁk(UﬂV) — Hg,;k+1(X)—>-.-

1 1
- o HEg OV > HE (U @ Hs; (VIV — HE (UnV) - HEZLX0 - -

The conclusion follows from the “five lemma”.
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The cohomology class of a submanifold

Definition: Let X = differential manifold of dimension d.
A closed submanifold of X of codimension k is a closed subspace

Y X
such that, for any point y € Y,
there exists an open neighborhood U of y in X
and a diffeomorphism to a ball of R?

U= B={(x1,...,%3) €ERY | X2+ .-+ x5 < 1}
sending YN Uto BN{(X1,...,Xq) ERY | xy =0,...,xx =0}

Remark:

Equivalently, a closed subset Y C X is a submanifold of codimension d
if, in an open neighborhood U C X of any point y € Y,

it can be defined by k equations

fi=0,....,fc =0

where fi,..., fx : U — R are C* functions
whose differentials are linearly independent at y.

v
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Definition:
Let X = _oriented differential manifold of dimension @,
(Y < X) = closed submanifold of X endowed with an orientation.

The cohomology class of Y is the unique element
cly € Hig(X)
such that, for any differential form with compact support
w € (X, Q%) verifying dw =0,

we have

J cly/\w:J i"w.
X 1%

Remark:
If w € T(X,Q%¥) has compact support,
then i*w € T(Y, Q) also has compact support and [, i*w is well defined.

This defines a linear form on H3; %(X) which, by Poincaré duality,
is represented by a unique element cly € HQH(X).
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Compatibility of cohomology classes with intersections

Definition:
Let X = differential manifold of dimension d.
Two closed submanifolds
Y — X of codimension k,
Y’ — X of codimension k’,
are said to intersect transversely if, for any point y € Y, there exists an open
neighborhood of y in X and a diffeomorphism to a ball of R?

U B={(X,...,x5) €RY [ X2+ ... + x5 < 1}
sending YN U to BN{(Xq,...,Xs) €RY | x4 =0,...,xx =0}
and Y'nUto B n{(x1,...,Xq) ERd|Xk+1 =0,..., X1k =0}

Remark:

Equivalently, Y and Y’ intersect transversely if, in an open neigborhood U c X

of any point y € YN Y’, Y and Y’ can be defined by equations
fi=0,...,f=0

and fk+1 :0,--~>fk+k' =0

where fi,...,f x : U — R are C* functions whose differentials are linearly

independent at y.
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Lemma: Let X = differential manifold of dimension d,
Y, Y’ = two closed submanifolds of codimensions k, k’
which intersect transversely.
Suppose X and the closed submanifolds Y, Y’, YN Y’
are endowed with orientations.
At any element y € Y N Y’, choose local coordinates

Xiy.ooyXd of X
such that Y and Y’ are respectively defined by
Xq :0,...,Xk =0

and Xki1=0,..., Xk =0.

Define an “intersection sign” sign(y)

as the product of the signs of the coordinate systems
X1y...,Xg Of X,
Xki1y+--yXg OF Y,
XiyoooyXiy Xktk'+1y-+-Xd of Y’
Xkik'41y-+-3Xg Of YNY'

with respect to the chosen orientations of X, Y, Y, YN Y’. Then
(i) sign(y) doesn’t depend on the choice of xi,..., Xy,
(i) it is locally constanton YN Y".
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Proof:

(i) Let’'s consider another system of coordinates y, ..., y4 verifying the
same conditions in a neighborhood of y.
At y, the diffeomorphism of change of coordinates has a differential

matrix of the form
A 0 O
*+ B 0
* x C

where A, B, C are square matrices of ranks k, k" and d — k — k.
The corresponding determinants are

det(A) - det(B) - det(C) for the change of coordinates of X,
det(B) - det(C) for the change of coordinates of Y,
det(A) - det(C) for the change of coordinates of Y,
det(C) for the change of coordinates of Y N Y'.

Their product is
det(A)? - det(B)? - det(C)*

whose sign is always +1.
(if) is an obvious consequence of (i) and the definition of sign(y).
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Theorem:
Let X = oriented differential manifold of dimension d,
Y, Y’ = closed submanifolds of X which intersect transversely.

Suppose Y, Y’ and Y N Y’ are endowed with orientations.
Decompose Y N Y’ in connected components

YmY’:HY,-
i

and associate to any connected component Y; the intersection sign
sign(Yi)

defined by the previous lemma.
Then we have the formula

cly Acly, =) sign(Y;) - cly,
i

in HEEK' (X).
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Sketch of proof of the theorem:
Step 1: Reduction to a pull-back formula

Denoting iy : Y — X,
we have for any w € H&L X' (X)

JCIY /\Cly/ ANw = J iT/(ClY’) A IT/(('U) .
Y

So we just have to prove that the pull-back
iv(cly,) € Hia(Y)
is equal to the sum
> sign(Y)) - cly,
i
where, for any i, cl‘,fl, is the cohomology class of
Y —Y

in HL(Y).
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Step 2: Lifting to relative cohomology

We are going to lift the class ,
cly, € HS;(X)

to a refined class ,
cly, € Hq(X, Y')

in a “relative conomology space” H§R(X, Y'’) where it can be computed locally.
For this we need the following general definition:

Definition:
For any morphism of cochain [resp. chain] complexes,

A LB [resp. A, — B.],
the cone of u is the cochain [resp. chain] complex
C; [resp. CY]

defined by
Ck=AoB"" [resp. CY=Ax® Bii1]

and the differentials
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Remarks:

(i) If C* is the cone of A* — B* and B[—1]* is defined by B[—1]% = BK~1
with differentials —d, the canonical short exact sequence of complexes

0—B[-1]* —C*— A" —0

yields a long exact sequence of cohomology:

oo — HF1(B*) — HK(C*) — HF(A®) 5 HK(B®) — - -
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(i) Any commutative square of complexes

A° *U> B*

L,

Al® u B’®

yields a commutative diagram

0 — B[-1]° c T 0
0— B/[-1]° cr A 0

if C®, C’® are the cones of uand u’.
According to the “five lemma”,
cc—C'"

is a quasi-isomorphism if A* — A’® and B* — B’® are quasi-isomorphisms.
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Definition: Let Z = closed subset of X = differential manifold of dimension d.
(i) LetT'(X,Z, Q%) be the cone of the morphism

Q% (X) — Qx(X = 2)

and Hf;(X, Z) its conomology spaces.
(ii) Let (X, Z,Q%) be the cone of the morphism

Te(X —Z,Q%) — Te(X, Q%)

and Hgn)c(X, Z) its cohomology spaces.

Remark: According to Stokes’ formula, we have for any differential form w of
degree k on X or X — Z and any differential form w’ of degree d — k — 1 with
compact support

Ld(w/\w’):0

and so

J dw A w’ = (—1)k1 J wAdw’.
X X

This implies:
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Lemma:

For any k, integration of forms of degree d on X and Z — X defines isomorphisms
Hin(X,Z) — Hgr (X, Z)" = Hom(Hgae(X, Z), R)

which lift to a quasi-isomorphism of cochain diagrams

F(X)Z)Q;() — FC(X,Z,Q;()V[d]

I
Hom(T(X, Z,Q%),R)[d]

induced by the commutative square

rx, Q%) ———T(X-2,0%)

l i

Te(X, Q%)Y [d] —— Te(X — Z, Q%)Y [d]
where

o the differentials of the bottom row have been modified by factors (—1)9*1,

e the two vertical arrows are quasi-isomorphisms.

Remark:

For any complex A, Ald] denotes the complex whose indices have been shifted by

k — k + d and whose differentials have been modified by the factor (—1).
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Corollary: Suppose Z is an oriented submanifold of X of codimension k.
Then the linear form

Te(X,Z,Q%)9 K =Te(X,QF F) @ Te(X - Z,Q57 %) — R
(wiywa) | i3lw)
A V4
defines an element
cly € Hgp(X, Z) = H3z (X, 2)"
which lifts the already defined cohomology class

cly € Hip(X) = HR 5(X)Y .

Proof: Indeed, the linear form
(w1, wp) MJ i3(w1)
z

vanishes on all pairs (w1, w») which are in the image of

F(X, QL F ) @ To(X — Z,09%) — To(X,Q3) @ (X — Z, Q4+,

(wf,ws) +— (dwq+ wj,dw)).
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Step 3: excision

Definition:
Let X = topological space,
Z = closed subspace,
R = coefficient ring for singular (co)homology.
We denote
CH?  resp. Cy.]

the cone of the morphism of complexes

CX?4—¢cf [resp. Cy—Cy ,]
and
H(X,Z,R)  [resp. H¥(X,Z,R)]

their associated (co)-homology invariants.

Remark: By definition,

Cx. - identifies with Hom(C%, R)
and there are induced isomorphisms

HX(X,Z,R) — Hom(Hx(X, Z, R), R)

if R is a field.
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Remark:

If X = differential manifold,
R =R,

the commutative square

FX, Q%) —T(X—-2,0%)

| |

L ] L]
CX,sm Csz,sm

whose vertical arrows are quasi-isomorphisms
(according to De Rham’s theorem)
induces a quasi-isomorphism

NX,Z,Q%) — Cx zum = coneof Cx i, — Cx_7
and so isomorphisms:
HER (X, Z) — Hk(X,Z,R)

I
Hom(Hk(X) Z) R))R)
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Lemma:

Let X = topological space,
Z = closed subspace,
R = coefficient ring,
and U = open subset of X which contains Z.

Then the morphism of complexes
CU‘Z N CX,Z
induced by the commutative square

CUfZ CU

L

foz CX
is a quasi-isomorphism, inducing identifications

He(U,Z,R) — Hk(X,Z,R).

v
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Proof of the lemma: Denote U/ the open cover of X by X —Z and U.
Recall CX¥ is the subcomplex of C¥ generated by simplices Ax = X
which factorise through X — Z or U, and the morphism

. g , crt — G
is a quasi-isomorphism.

Let
CX%U = cone of CX % — CX¥.
The commutative square

CXZ — XU

!

Csz CX

yields a quasi-isomorphism
X,Z,U X,Z
C. — C,

and the morphism CY? — CXZ factorises through the morphism CY% — CX%4

induced by the commutative square:

Cufz CU

|

O
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We observe that the quotient complexes associated to the embeddings

cvz X,
Y =

identify.
This implies that the quotient complex associated to the induced embedding

CUZ y CX2U

is quasi-isomorphic to 0.
This means that the morphism

Cy,Z Cz(,Z,Z/l

is a quasi-isomorphism.
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Corollary of the lemma:

Let X = differential manifold,
Z = closed subset,
U = open subset which contains Z.

Then the natural morphism of complexes

is a quasi-isomorphism, yielding isomorphisms

He(X, Z) — Hip(U, 2) .
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Step 4: reduction to the case of a vector bundle

Definition:
Let X :‘differential manifold,

(Z < X) = closed submanifold of codimension k.
The normal tangent bundle of Z in X is the vector bundle

Nz, x over Z

which is associated to the dual of the locally free Oz-Module of rank k
Kel‘(i*Qx — Qy)
or, equivalently, to the locally free Oz-Module

Nz,x = Coker(Qy — i*Qy).

Remark: Any orientation of X induces an orientation of Nz, x.
If Z is also oriented, the fibers of the projection

NZ/X — 27

are oriented. Locally over Z, Nz, is isomorphic to Z x R* and the orientation

of its fibers is induced by an orientation of RX.
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Proposition:
Let X = differential manifold,
Z = closed submanifold of codimension k,
N = Nz,x = normal tangent bundle of Z in X
endowed with its 0 section Z — N.
Then:
(i) For any coefficient ring R, the relative (co)homology modules
Hk(X,Z, R) and Hk(N, Z, R)

[resp. HY(X,Z,R) and HY(N,Z,R)]
identify.
(ii) In particular, the relative De Rham cohomology spaces

Hir(X,Z) and  Hga(N,2)
identify.

Sketch of proof: One can prove that there exist open neighborhoods
U of Zin X (called a tubular neighborhood),
Vof Zin NZNX/Z
and a diffeomorphism U—s v
which tranforms Z — Xinto Z — V.
Then the proposition is a consequence of excision.
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Step 5: localisation in the case of a vector bundle

Proposition:
Let Z = differential manifold,
N = vector bundle of rank k over Z
endowed with its canonical projection p: N — Z
and its 0 section Z — N,
R = coefficient ring.
Then the presheaf on Z
U — H (e~ (U),p " (U)N Z,R)

open subset of Z

is a sheaf of R-modules which is locally free of rank 1.

Sketch of proof:
If U is an open subset of Z which is C>-contractible and such that p~'(U) is
isomorphic to U x R, the relative cohomology modules

H(p ' (U),p ' (U)NZ,R)

identify with the modules ‘
H'(R,{0}, R).
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We have a long exact equence
— H'(R,{0}, R) — H'(RX, R) — H'(R*—{0}, R) — H*'(R*,{0},R) — - -}

where we know
H'(R*, R) =

R if i=0,
0 if i#0
and

o (R it i=Oori=k—1,
AR _{0}’R)_{o if i 0,k—1

as the sphere S~ is a homotopy retract of R¥ — {0}.

So we have
R ifi=k,

i ok _
H'(R%,{0}, R) = {0 otherwise.

Therefore, the sheaf of R-modules associated to the presheaf

Ur— H(p ' (U),p (V)N Z,R)

is 0if i # k and is locally free of rank 1 if i = k.

The conclusion of the proposition follows for general sheaf-theoretic reasons.

0. Caramello & L. Lafforgue Cours Italie, Automne 2019 111/127



Step 6: conclusion of the proof of the proposition:
Let's come backto X, Y,Y’and YNY'=]]Y,.

I
According to the previous proposition, the formula
iyclyr = Z sign(Y;) - cl%

in Hg,'?( Y, YNY’) can be checked Ioc’ally. So we are reduced to the case where
X=N = RKxRK xRI-Kk*K"
Y = {0} x RK x RI—k—K"
Y'=Z = RKx{0}xRIK*"
YNnY' = {0} x{0} x RIKK",
We can suppose that X, Y, Y’ and Y N Y’ are endowed with the orientations
deduced from the usual orientations of R¥, R¥' RI—K
In that case, the class

cly, € HSA(X, Y') with X =RK x Y/,
and the class

AVry, € HiR(Y, YY) with Y=RK x(ynY’),
are deduced by pull-back from the class associated to
k/
in HiL(RY', (0)). O} =R
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It is interesting to express this class concretely:

Proposition:
Let’s consider the spherical coordinates on R” — {0}
defined by the diffeomorphism

10, +oo[xS™1 = R"—{0}
(pyu) +— p-u,

the invariant volume form wg on S”~' and the total volume V of S 1.
The cohomology class of

{0} = R" in Hjg(R",R"—{0})
is represented by the closed form
(—dw,—w) in Q. (R") @ Q" (R"—{0})

with w = V="' . wg and dw = 0.

Proof: For any closed form

we have (f,df) € ORn o(R") & O -(R" —{0))

—J f-dw—J df/\w:—J d(f-w):IimJ f-w=F0).
n R"—{0} R"—{0} p—0J)o.5
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The Lefschetz fixed points formula

Theorem:

Let X = oriented compact differential manifold of dimension d,
f=C>map X - X
whose graph 't — X x X intersects
the diagonal Ty — X x X transversely.

For any point x € X such that f(x) = x, denote
sign(x) = sign of the intersection of I'r and I}y at x.

Then we have

> signi(x) = ) (1)K Te(f*, Hip(X)

f();e)ix O<k=d
= Tr(f*, Hig(X)).
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Remarks:

(i) Evenif I’y does not intersect I, transversely, one can prove there exists
g: X — X such that
e fand g are C*-homotopic,
{o the intersection of I, and T is transverse,
and, therefore,
Tr(f, H3a(X)) = Tr(g, H3a(X)) = ) signg(x).

xeX
g(x)=x

(ii) The Euler-Poincaré characteristic of X is

D (=1)k- dim Hig(X) = Tr(id, Hga(X)) .
k

Proof of the theorem: The Lefschetz formula follows from
the previous theorem combined with two other results:

o the Kiinneth formula which expresses the cohomology spaces of a
product X x Y in terms of the cohomology spaces of its factors X, Y,

o the computation of the cohomology class of the diagonal
A: X XxX.
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Step 1: the Kiinneth formula

Let X, Y = differential manifolds,
X x Y = their product endowed with the projections
The formula Pr:XxY —X, p:XxY-—Y.

' _ (w1, w2) — pfwi A pswe
defines morphisms

M(X, Q) @r T(Y,Q%) — I(X x Y,Q1)
and
Fo(X, Q) @r To(Y, Q) — To(X x ¥, Q51)

such that
(d(p; w1 A p3wz) = p;(dwi) A pswa + (—1)% - pfws A ps(dwy) .
So it induces morphisms

Hi(X) @r HiZ(Y) — HioHe (X x )

and

Hi (X) ®r Hig (V) — HisHe(X < v).
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Proposition:
Let X, Y = differential manifolds.

(i) If X or Y is a finite union
UrU---uU U,
of open subsets which are C°-contractible as well as their intersections
U, n---n Uy, then the morphisms

im»

D Hip(X)® Hig(Y) — Hiq(X x V)
ki +ko=k

are isomorphisms.
(i) The morphisms

P Hin o(X)® Hig (Y) — Hig o(X x Y)
ki +ko=k

are always isomorphisms.

Proof:
We need the following algebraic lemma:
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Lemma:
Let R = commutative field,
A, B = two cochain complexes of R-vector spaces

(o AT S AR AR )
and
(- — BT B BT )
which are 0 in degrees k < 0.
Let A® B = the complex whose degree k component is
B A B
Ky +hko=k
and whose differential is defined by
Ak‘ QR Bk2 N (Ak1+1 ®n Bkg) ey (Ak1 ®nR Bk2+1)
(a®b) — (da®gb,(—1)" . awmgdb).
Then the natural morphisms
@ H“(A) @r H%(B) — H(A® B)

ki +ko=k
are isomorphisms.
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Proof of the lemma:

e As the functor ®p is exact,
the statement is true if A or B is concentrated in one degree.

e Let’s denote my and mg the biggest integers such that
A =0, Vki<mp and B%=0,Vk <mg.

Then the statement is obvious in all degrees k < ma + mg.

e For any m, let's denote A=™ [resp. A~™] the complex which coincides
with A in degree k = m [resp. in degrees k > m] and is 0 elsewhere.

Then there are short exact sequences of complexes
0—A™ 5 A—A"™ —0,

0 —A""B—AB—A"™@B—0,

and an associated morphism of long exact sequences:

0. Caramello & L. Lafforgue Cours Italie, Automne 2019

119/127



— Ky +ko =k —_— kq ko =k — > A"A®g HFMA(B) —> - -
Hkt (A>Ma)@ g HR2 (B) HKt (A @ gHk2 (B)

| l

i s HfKAPM @B —— > HKAQB) —— > HfF(A-MA @ B) — > - -

e Using the “five lemma”, the statement is proved by decreasing induction
on my if A only has finitely many non zero components.

e The statement for A and B in degree k reduces to the statement for
A/A”™and B if m+ mg > k.
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Proof of the proposition:

(i) According to the lemma, we have to prove that if X has the form of the
statement X = Uy U - - - U U,, then the morphism of cochain complexes

FX, Q%) @r I'(Y,Qy) — T(X x Y, 0%, y)

is a quasi-isomorphism.
The proof is by induction on n.

If n=1, X = U, is C>-contractible, Y is a C>®-retract of X x Y and the
natural morphism

R=T({e}Q¢,)) — T(X,Q%),
ry,Qy) — TXxY,0%.y)

are quasi-isomorphisms.

Ifn>2, letsdenote U=U;U---UU,_1, V=U,
and suppose the result is already know for U, V and UnN V.

0. Caramello & L. Lafforgue Cours Italie, Automne 2019 121/127



Then the result for X = U U V follows from the “five lemma” applied to the
morphism of long exact sequences deduced from the morphism of short exact
sequences of complexes:

r(x,0%) r(U,Q3)8r(Y,Q9) runv,Q$)

v Br(Y,0%) > or(V,03)@r(Y °) ~ er(v,ay) =10

00— >T(XxY,Q% ) — s "WWXV%y) _ _ pUnV)xY,Q% ) —>0
YEEXXY @F(VXYQXXY) YEEXXY
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(i) If X is diffeomorphic to R and Y is diffeomorphic to R9",
Te(X,Q%),Te(Y,Q}) and To(X x Y,Q%.y)

are quasi-isomorphic to R concentrated in degrees d,d’,d + d’.
The statement of the proposition follows.

If
X = UU---UU,,
Y = VjU---UV,,
where Ui, ..., U, [resp. V4,..., V,] are diffeomorphic to some R [resp.

R?'] as well as the intersections
U,n---nu, [resp. V,n---nV 1],

the statement of the proposition is proved by induction on n and n’, using
the “five lemma” in the same way as in (i).
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In general, let &4 and V be the ordered sets of open subsets
uUcXx VcvY
which can be written in the above form
u=Uu,u---uul, V=ViU---UV,.
One can prove that ¢/ and V are filtered ordered sets and that

X=lmU, Y=lmV.
ueu Vey

Then the result follows from the formulas

Hig o(X) = lim Hyp (U), Hyg o(Y) = lim Hgs (V)
Ueu vey

Heg,o(X x Y) = lim Hig (U x V).

Ueu
vev
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Step 2: the cohomology class of the diagonal

Proposition:
Let X = oriented compact differential manifold of dimension d.
Then the cohomology class

cla € HGr(X x X) = P Hga"(X) @ Hga(X)

. ) 0<k<d
of the diagonal submanifold
A:X—=XxX
is the sum
D D) wiew

where, for any degree k,
o the family (w;) is a basis of the space H§R(X),
o the family (w?) is the dual basis of the space HQ,;"(X) identified to the
dual space H;(X)Y by the pairing
HIZK(X) x HER(X) — R,
L, w) — J (A w.
X
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Proof of the proposition:
For any basis element

wj, ® w, € Hiz(X) ® HIg (X) — H3R(X x X),
we have by definition of the cohomology class of X L XxX
J clA/\(w,-1®w,-’;):J wj, N\ wj
XxX X

while

JXXX (kZ Zw ® wi | N (Wi ® w})

([ ) (] )

1

S ([ wnnar) (J winw)

1

= J wj, N\ wp .
X
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Step 3: conclusion of the proof of the Lefschetz formula

We have

Z signg(x) = J cly - cla
XxX

xeX
f(x)=x

— | e s
X
by definition of the cohomology class cl; of X ol X xX.
Pulling back the formula for cl, we get

> (—1)k.ZJ Wi A Frw,

0<k<d i 9X

= > (T, HE(X)).

0<k<d

J' (idx, f)*cla
X
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